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SUMMARY 

The steady- s tate e l a s t i c  -p l a s t i c  s t r e s s  d i s t r ibu t ions  i n  cyl indric  a1 
and spher ica l  vessels  subjected t o  in t e rna l  pressure, symmetrical nuclear 
heating, and inside-wall cooling were calculated. A f in i te -d i f fe rence  
method combined with a technique of successive approximations w a s  used. 
The material propert ies  used were those of Inconel X, but t he  method 
used i s  applicable t o  anymater ia l .  For given values of pressur6 load 
(pressure times radius)  and heat f lux,  there  i s  a minimum possible 
s t r a i n  f o r  each vesse l  configuration tha t  occurs at  a pa r t i cu la r  w a l l  
thickness f o r  each configuration. Furthermore, f o r  a given value of 
p ~ l ~ r e  In&, the  rninkzz s t ~ a l n  for di f fezent  lieat fluires occurs at 
e s s e n t i a l l y  the  same w a l l  thickness. The optimum thicknesses and cor- 
responding s t r a i n s  f o r  the sphere were approximately ha l f  those f o r  the 
cylinder f o r  t h e  same loads. 

INTRODUCTION 

A nuclear-rocket component t h a t  presents unique design problems i s  
the  pressure s h e l l  surrounding the  reactor  core. Not only i s  heat gen- 
e ra ted  within the  s h e l l  by gamma and,neutron radiat ion,  but a l s o  the  
inside surface of t he  s h e l l  i s  heated by thermal rad ia t ion  from the  
neutron sh ie ld  or  ref lector .  Since weight saving i s  extremely Fmportant 
i n  any rocket vehicle, it is  desirable  t o  reduce the thickness of the 
sh ie ld  as much as possible. When this i s  done the  pressure s h e l l  is  
subjected t o  higher  nuclear heat  flux. Cooling of the  s h e l l w i l l t h e r e -  
fore  be a necessity.  The simplest arrangement is  t o  cool the  inside 
surface with the  propellant before it passes through t h e  reactor.  

With any cooling method, thermal s t resses  w i l l  be developed because 
of nonuniform temperatures within the  shell .  In general, these s t r e s ses  
w i l l  increase as the  temperature gradient increases; and t h e  gradient 
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varies with the thickness of the shell and the gamna-neutron heat flux. I 

In addition to increasing stress, the increase in average temperature 
level causes a lowering of the mechanical-strength properties of the 
shell material. 
high heat flux from nuclear radiation is therefore unique in that the 
safety factor cannot always be increased by making the shell thicker, 
since the thicker shell might result in added heat generation and a re- 
duction in strength. The design procedure should therefore incorporate 
a method of finding whether an opthum shell thickness exists. 

*i The design procedure for a reactor pressure shell with 

There is little information in the literature on reactor pressure- 
shell design. Reference 1 discusses the possibility of a pressure-shell 
failure due to sudden excursions in the reactor. The conclusion is 
drawn that the containment potential of a reactor pressure shell is sub- 
stantially improved by the strain-energy absorption obtained by large 
plastic deformation. It seems probable that plastic flow will have to 
be considered in any reactor pressure-shell design where there is a high 
heat flux from nuclear radiation. 

The complete design f o r  a reactor pressure shell for a nuclear 
rocket would include design of the exhaust nozzle as well as the re- 

cylindrical portion with a hemispherical end. 
such a design study, this report presents an analytical method including 

a hemispherical end. The nozzle is not considered. The analysis con- 
siders cooling on the inside surface of the pressure-vessel wall only. 
Tne method used is based on the finite-difference aTprosch of references 
2 and 3 and the successive-approximation technique of reference 4. The 
analysis was made using Inconel X as the vessel material. A range of 
heat flues up to 950 watts per cubic centimeter and a range of pressure 
l oads  (product of pressure times radius) from 18,000 to 42,000 pounds 
per inch were considered. 

mainder of the pressure shell, which could consist of a sphere or a ..$ 

plastic flow for designing a spherical shell and a cylindrical shell with 

As a first approach to 

b 

SYMBOLS 

conductivity constants, Btu/(hr) (sq ft) ( "F2/ft) Aj 

a inside radius (station l), in. 

conductivity constants, Btu/(hr) (sq ft) (OF/ft) Bj 

b outside radius (station 20), in. 

c1, c2 strain constants 

E elastic modulus, psi 

hn rn - rn-1, in. 
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conductivity, Btu/(hr)(sq ft) ( O F / f t )  

length of cylinder, in. 

i n t e rna l  pressure, p s i  

heat  flow, w a t t s  

nuclear-radiation heat  flux, w/cc 

r a d i a l  distance, in. 

temperature above a r b i t r a r y  zero, OF 

thickness, in. 

radial displacement, in.  

coef f ic ien t  of thermal expansion, in. / ( in .  ) (%) 

conversion factor ,  2.543 cm3/in. 3 

w a t t ) ( f t ) ( h r )  
(Btu) in. 1 conversion factor ,  0.0244 ( 

t o t a l  s t r a in ,  in. /in. 

Poisson's r a t i o  

stress, p s i  

Subscripts: 

a inside radius 

C cylinder 

e equivalent 

eP equivalent p l a s t i c  

e t  equivalent t o t a l  

i inside surface 

j 1, 2 

n nth point 

0 outside surface 
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2las t ic 

radial 

sphere 

long it udinal 

tangential 

ANALYTICAL PROCEDURE 

Analysis of Cylinder 

An analysis was made on a long circular cylinder subject to the 
following assmptions: 

(1) The cylinder material is linearly elastic up to the elastic 
limit; beyond this point, plastic flow occurs. 

(2) Axial symmetry exists. 

(3) Generalized plane strain exists in that the axial strain czZ 
does not vary in the radial direction. 

(4) "he inside wall is cooled to 100' F. 

(5) Steady-state conditions are present as far as the heat flow is 
concerned. 

(6) Calculations are made at a sufficient distance from the ends 
so that end conditions are negligible. 

(7) The cylinder is subjected to an internal pressure and is with- 
out axial restraint . 

(8) The coefficient of thermal expansion, the conductivity, and the 
modulus of elasticity vary in a known manner with temperature. 

(9) Poisson's ratio is a constant (p = 0.3). 

(10) The deformation theory of plasticity with the von Mises yield 
condition is used. 

Determination of Stress and Strain Distribution 

The determination of stresses and strains in a long cylinder follows 
the usual treatment for plane strain problems. The equilibrium equation 

a 

c. 
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is given by 

ur - u + e = o  d‘r 
d r  r 
- 

The compatibility equation is 

= o  dEe + €8 - E r  
dr  r 
- 

and the stress-strain relations are 

Writing equation (2) in terms of stresses by the use of equations ( 3 )  
gi’,Te s 

A l s o ,  solving the last of equations 
equation (4) give 

(3) f o r  uz and substituting into 

For the generalized plane strain problem, is a constant and is 
determined from the axial loading on the cylinder as followsr 

U z r  dr = 
a 
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o r  

Theref ore, 

€= = 
E r  dr 

( 7 )  M 
rJi + 
P 

I 

Subst i tut ing equation ( 7 )  i n  equation (5) gives a p a i r  of simultaneous 
d i f f e ren t i a l  equations, (1) and (5), t h a t  can be solved f o r  or and 
In  the  e l a s t i c  case ( E r , p ,  €e, PJ and a l l  zero), these equations 
are l inear  and can be solved by a va r i e ty  of ways - f o r  example, t he  
f ini te-difference method of reference 2. For the  case of p l a s t i c  f l o w ,  
however, t he  plastic-flow terms are nonlinear functions of the  dependent 
variables ( the  s t r e s ses ) ,  and the  solut ion becomes more d i f f i c u l t .  

\r 
I n  the present paper, equations (1) and (5) were solved by con- 

ver t ing them t o  f ini te-difference form, as w a s  done i n  references 2 and 
3 and described i n  d e t a i l  i n  appendix A, and then solving these f i n i t e -  
difference equations by the  method of successive approximations as given 
i n  reference 4. 
p l a s t i c - s t r a i n  d i s t r ibu t ion  (such as zero everywhere). 
flow terms i n  equations (1) and (5) are now known quant i t ies ,  these equa- 
t i ons  can be solved by the  f in i te -d i f fe rence  method. This gives a f i r s t  
approximation t o  t he  stress and s t r a i n  dis t r ibut ion.  From t h i s  f i r s t  
approximation a b e t t e r  approximation i s  computed f o r  the  p l a s t i c  s t r a i n s  
by means of the  s t r e s s - s t r a in  r e l a t ions  in the  p l a s t i c  range subsequently 
discussed. These new values of t he  p l a s t i c  s t r a i n s  a re  put i n to  equa- 
t i ons  (1) and (5), and these equations are solved again by the  f i n i t e -  
difference method. This process i s  then repeated continuously u n t i l  
convergence i s  obtained; t h a t  is, the  difference between the  d i s t r ibu -  
t i ons  computed f o r  two successive i t e r a t ions  i s  as s m a l l  as desired. 

* 

Briefly,  t h i s  method consis ts  of f i r s t  assuming some 
Since the p l a s t i c -  

In  order t o  determine the new values of the  p l a s t i c  s t r a i n s  a t  any 
point of t he  preceding calculation, a s t r e s s - s t r a in  r e l a t ion  f o r  tri- 
axial s t resses  i s  needed. It w a s  assumed i n  making these calculat ions 
t h a t  the deformation theory of p l a s t i c i t y  and the  von Mises yield c r i -  
t e r ion  are valid. On t h i s  bas i s  it i s  shown i n  appendix B t h a t  the  
p l a s t i c  s t r a i n s  can be computed from the  t o t a l  s t r a i n s  by means of  the  
following equations I 
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J z,p = - E  r,P - E 6, P E 

where 

and Eep is related to Eet through the stress-strain curve of the 
material by the following relation: 

where the equivalent stress a, and the equivalent plastic strain eep 
are shown on the typical stress-strain curve (fig. l), which was ob- 
tained from unpublished NASA data. Using relation (10) together with 

‘ep the stress-strain curve for the material, Ft. is possfkle tc p l ~ t  
against Eet as shown in figure 2. This figure can now be used to- 
gether with equations (8) to calculate the values of the plastic strains. 

The method of calculation can now be summarized as follows: 

r,p = E e,p = O (1) Assume values for the plastic strains such as E 
everywhere. 

( 2 )  Solve equations (1) and (5) by the finite-difference method 
described in appendix A. 

(3) Calculate the total strains by means of equations ( 3 ) .  

(4) Calculate the equivalent total strain Eet from equation (9). 

(5) Read Eep from figure 2. 

(6) Calculate E 

(7) Using these values in equations (1) and (5), go Sack to step (2). 

and E z,p from equations (8). r,~, %,p> 

(8) Continue until convergence is obtained. 
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Determination of Temperature Distr ibut ion 

Before equations (1) and (5) can be solved, it i s  n e c e s s a r y t o  
The heat  generated within the  w a l l  know the temperature dis t r ibut ion.  

due t o  neutron and gamma rad ia t ion  heating i s  

This same amount of heat  i s  t ransfer red  by conduction towards the  inner 
w a l l :  

Theref ore, 

dT Q = 2arZy-k - d r  

where the conversion fac tors  and y have the  values 

y = 0.0244 

From f igure 3 it can be seen t h a t  the var ia t ion  of k with temperature 
can be approxbated by two s t r a igh t  l ines .  
t h e  par t  of the curve from A t o  B, and k = AzT + B2 from B t o  C. 

Integrat ing from r i  t o  r and using appropriate values of A and B 
f o r  the portion of the curve integrated over, t he  l e f t  s ide of equation 
(13) becomes 

Therefore, k = A1T + B i  for 

A. 2 (AjT + Bj)dT = J 2 (To - T2) + Bj(To - T )  

and the r igh t  s ide of equation (13) becomes 

Combining the two s ides  of the  equation and simplifying give 

2B j 2f , ( r )  
= o  2 2B j 

T2 + - T - T o - -  TO + 
A j  A j  Aj 

I 

L 



9 

N 
I 
8 1. 

i 

Using the condition that when 
solved for Tot 

r = ri, T = Ti, equation (14) can be 

The temperature at any radius r, Tr is obtained by solving (14) for TI 

In order for the temperature to be positive, the plus sign is used with 
the radical. 

Analysis of Sphere 

Because of the symmetry of a sphere, the complete stress state is 
defined where the radial and tangential stresses are known at any radius. 
The assumptions enumerated for the cylinder also apply to the sphere, 
with the exception of those that apply to the cylinder only by virt.ue of 
its geometry. The procedure is the same as for the cylinder with slight 
'modifications. The equilibrim and compatibility relations are differ- 
ent, and all of the equations are simplified because of the spherical 
symmetry, which reduces the number of stresses and strains from three to 
two. 
the temperature distribution is given in appendix D. 

The complete analysis is given in appendix C, and the analysis of 

C O M P ~ T I O N  

The curve of Eep against €et in figure 2 can be approxhnated by 
two straight lines, orle from A to B and the other from B to C. 
analysis, therefore, the following relation was usedi 

In the 

where C1 and C2 changed for each portion of the curve. It was nee- 
essary to use different curves for different temperatures. Because of 
the scatter in the experimental data and the error involved in drawing 
the best curve through the points, the linear assumption was considered 
justified and within the overall e r r o r  of the input data. For ease of 
programming, a linear interpolation was used for the value of C 1  and 
C 2  between T = 180' and 910' F. Above 910' F, which was the maximum 
temperature for which stress-strain data were available, a linear ex- 
trapolation was used. For a material f o r  which the slope of the plastic 
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e 
portion of the s t r e s s - s t r a in  curve w a s  not  f a i r l y  constant, other re -  
l a t ions  would have t o  be used. For convenience of computation, the  
curves of coef f ic ien t  of expansion and conductivity against  temperature c 

w e r e  approximated by two s t r a i g h t  l i n e s  each, as shown i n  f igure  3. The 
curve of e l a s t i c  modulus against  temperature w a s  approximated by a quad- 
r a t i c  equation ( f ig .  3) .  

An JRM 653 e lec t ronic  computer w a s  used t o  m a k e  t h e  calculations.  
It w a s  determined tha t ,  when two successive values of cr at the  inside 
surface d i f f e red  by less than 1 i n  the  s i x t h  place, t h e  convergence w a s  
suf f ic ien t ,  since, a t  the  most, th ree  s ign i f i can t  f igures  a re  used i n  
the  graphical plots .  With f u r t h e r  i t e r a t i o n s  cr changed no fur ther .  
The changes i n  the  stress were a l w a y s  at  l e a s t  an order of magnitude 
less than the  changes i n  s t r a in .  Therefore, the  sixth-place convergence 
c r i t e r ion  w a s  a l s o  s u f f i c i e n t  f o r  the  s t resses .  

RESULTS AND DISCUSSION 

Optimum Thickness 

The var iables  per t inent  t o  the  ca lcu la t ion  of opthum thickness 
were radius, thickness, hea t  flux, and pressure. Figure 4 shows the  
equivalent t o t a l  s t r a i n  at the  inside w a l l  as a function of thickness 
for di f fe ren t  values of hea t  f l u x  and pressure load (pressure times 
radius).  
t o  minimum s t ra in .  This optimum a r i s e s  from the  f a c t  t h a t  decreasing 
the  thickness causes an increase i n  the  stress due t o  pressure, while 
increasing the  thickness causes an increase i n  the  temperature gradient  
and hence an increase i n  thermal s t r a in .  The minimum s t r a i n  i s  r e l a t i v e l y  
independent of thickness except as the hea t  f l u x  becomes low. A t  low 
values o f  hea t  f l u x  t h e  thickness may be increased t o  lower the  s t r a i n  
level .  Since the  thermal gradients w i l l  be low, the  problem i s  reduced 
t o  a standard pressure-vessel calculation. 
t h a t  weight i s  at a premium and therefore  a minimum thickness i s  a ne- 
cessi ty ,  i t  can be seen t h a t  the optimum thickness i s  e s s e n t i a l l y  the 
same f o r  a l l  values of hea t  flux. 

. 
It is obvious t h a t  there  i s  an optimum thickness with respect  

However, when it i s  rea l ized  

Excursions i n  Heat Flux 

Figure 4 is  a l so  a graphical  i l l u s t r a t i o n  of t he  e f f e c t  of excursions 
i n  heat flux. It can be seen t h a t  a la rge  range of hea t  f luxes can be 
tolerated at low values of pressure load. That is, t he  equivalent t o t a l  
s t r a i n  increases a t  about 1/4 the  rate of t he  heat  flux. 
pressure load of 42,000 pounds per  inch, t he  r a t i o  drops t o  about 1, a l - .  
though the  s t r a i n  s t i l l  increases a t  a s l i g h t l y  lower r a t e  than the  heat 
f lux.  

A t  the  l a rge r  

t 

c 
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Pressure excursions are also possible in a nuclear reactor. Fig- 
ure 5 shows results of excursions of &lo percent. It can be seen that 
the equivalent total strain for optimum thickness rises 25 percent for 
the cylinder and 40 percent for the sphere when the pressure rises from 
1000 to 1100 pounds per square inch. It is apparent that a change of 
thickness and/or pressure of up to 10 percent does not cause increases 
in equivalent total strain great enough to lead to failure within the 
range of parameters investigated. Therefore, if pressure excursions are 
expected, one should design for overpressure. 

Distributions of Stress and Strain 

For a given material the main parameters affecting the severity of 
the temperature gradient were heat flux, thickness, and, to a lesser 
extent, radius. Two typical temperature distributions through the cyl- 
inder wall are shown in figure 6(a). 
for the two extreme conditions (with regard to strain) of pressure load 
and heat flux from figure 4(a). It can be seen in figures 6(b) and (e) 
that the maximum values of stress and strain are at the inside wall. 
This is due to the fact that, t.he thermal strain Fs cmqressit.e at the 
outside surface and tensile at the inside surface, whereas the strain 
due to pressure is tensile throughout the thickness. 
and pressure strains tend to cancel at the outside surface and add at the 
inside surface. It can a l s o  be seen that the tangential stress is the 
largest of the stresses. For simplicity, only the equivalent total 
strain and the tangential stress at the inside wall are discussed. The 
radial stress ur was not plotted, since its maximum value, which is 
equal to the pressure, is less than 2 percent of the other two stresses. 

The data for the two curves are 

Thus, the thermal 

Design Curves 

Figure 7 is a series of curves summarizing the quantitative results 
of this investigation. 
is plotted as a function of the heat flux. Each curve is for a given 
pressure load. The existence of a single curve for each value of pres- 
sure load was verified by varying the pressure and radius but keeping 
the product constant. Several points are plotted showing this verifi- 
cation. The two intermediate curves in figure 7(a) at pressure loads 
of 36,000 and 24,000 pounds per inch were obtained by cross-plotting. 
One calculated data point on each curve indicates that the technique was 
sufficiently accurate. The thicknesses used were the optimum thicknesses 
for the particular pressure load. Figure 7 also shows that, for smaller 
values of pressure load., larger heat fluxes can be tolerated with con- 
sequent equal or smaller equivalent total strains. 

The equivalent total strain at the inside wall 
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w 
I f  the  value of pressure load f o r  each curve i s  divided by the  cor- 

responding optimum thickness, the  average hoop s t r e s s  i s  obtained. This 
average hoop s t r e s s  var ies  i n  the  cyl inder  from about 100,000 p s i  at a I 

pressure load of 18,000 pounds per inch t o  110,500 p s i  a t  a pressure load 
of 42,000 pounds per inch. 
t o  pr/2t. This varies from 90,000 t o  about 96,000 p s i  f o r  pressure loads 
f r o m  18,000 t o  42,000 pounds per  inch. 
cu la te  a rough value of t f o r  a given hoop s t r e s s .  However, t o  ge t  
the  corresponding s t ra ins ,  it would be necessary t o  go through the  com- 
p l e t e  analysis. There i s  only about a ~ 5 - p e r c e n t  var ia t ion  i n  average 
s t r e s s ,  while the  average s t r a i n s  vary from below the  e l a s t i c  l i m i t  t o  
about 2.6 percent, depending on the  heat  flux. 
observes the  shape of the  s t r e s s - s t r a i n  curve i n  f igure  1. It can be 
seen tha t  i n  the  p l a s t i c  region la rge  changes i n  s t r a i n  r e s u l t  i n  r e l a -  
t i v e l y  small changes i n  s t r e s s .  

The tangent ia l  s t r e s s  i n  the  sphere i s  equal 

This allows the  designer t o  ca l -  

This i s  log ica l  when one 

h 
I 
cn 
tb 
t-J 

The curves i n  f igure 7 ac tua l ly  cons t i tu te  a set of design curves. 
The designer can quickly determine an optimm thickness from the curves 
f o r  h i s  pa r t i cu la r  pressure load and allowable equivalent t o t a l  s t r a in .  
The maximum heat flux t h a t  can be to l e ra t ed  can be read from the  abscissa.  
These curves w e r e  obtained f o r  a pa r t i cu la r  method of cooling. I f  t he  
designer f inds  himself l imited t o  e i t h e r  too s m a l l  a s t r a i n  or  too s m a l l  
a hea t  f lux ,  o r  both, it i s  apparent t h a t  a b e t t e r  cooling method, such 
as internal-wal l  cooling, would have t o  be employed and incorporated i n  
the  iwalysis. 

b 

? 

A spherical  tank could be used i f  the length-diameter r a t i o  of the  
core were equal o r  close t o  unity. However, the diameter of a spher ica l  
tank would have t o  be equal t o  times the  diameter of a cy l ind r i ca l  
tank. The r e s u l t s  of comparing the  equivalent t o t a l  s t r a i n s  of a cyl-  
inder  and an equivalent sphere found by multiplying the  pressure load i n  
the  cylinder by 4 are shown i n  t a b l e  I. It can be seen t h a t  t he  
s t r a i n s  i n  the  sphere are only about 70 t o  80 percent of those i n  the  
cylinder . 

-@ 

Material Propert ies  

The choice of the mater ia l  f o r  a nuclear-reactor pressure s h e l l  
depends on severa l  factors .  Of primary importance i s  high t e n s i l e  
strength at high temperatures. Coupled with t h i s ,  a reasonable amount 
of d u c t i l i t y  i s  necessary. 
were available f o r  Inconel X. 
b e t t e r  than t h a t  of the avai lable  high-temperature s t ee l s ,  and much more 
complete s t r e s s - s t r a i n  da t a  at  high temperatures were available.  There- 
fore ,  InconelX w a s  chosen f o r  the  purposes of t h i s  investigation. How- c 

ever, other mater ia ls  such as aluminum or  t i tanium might be zpplicable. 

D a t a  a t  temperatures up t o  about 1400' F 
I ts  t e n s i l e  s t rength up t o  1350° F w a s  
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I n  order t o  obtain the  stress and s t r a i n  d is t r ibu t ions  f o r  a 
material other than Inconel X, it would be necessary t o  run a complete 
m a l y s i s  using the mechanical and physical constants for t h a t  m a t e r i a l .  
TXs w a s  beyond the scope of t h i s  r epor t .  However, an attempt w a s  m a d e  
t o  determine the e f f ec t  of varying some of the material propert ies  while 
holding the  others constant a t  the values f o r  Inconel X. Table I1 gives 
the  equivalent t o t a l  s t r a i n  and the  tangent ia l  s t r e s s  a t  the  inside w a l l  
for the  two extreme s t r a i n  cases tha t  have been used previously f o r  com- 
parisons. Also given i n  the t ab le  are values obtained at conductivit ies 
varying from 10 Btu/(hr)(sq f t ) (OF/f t )  at 0' F t o  about 16.5 at  1200° F, 
and from 6.8 a t  0' F t o  14.2 a t  1200° F. 
ing from 9.1 inch per  inch per  ?F at 0' F t o  10 at  1400° F and f rom 5.2 
a t  0' F t o  6.8 a t  1400' F were considered. 
range t h a t  might be encountered with several  high-temperature alloys. It 
can be seen t h a t  a considerable var ia t ion of a and k makes a r a the r  
s m a l l  d i f ference i n  the stress and s t r a in  values. 

Coefficients of expansion vary- 

These values encompass the  

Hemispherical End on Cyl indrical  Tank 

For a hemispherical end on a cyl indrical  tank, calculat ions were 
made using the  analysis of the  sphere with the thickness equal t o  the  
opthum thickness of the cylinder, thus giving r e s u l t s  f o r  the  case of 
equal thickness i n  the cylinder and the end. It w a s  established t h a t  
the  s t r a i n s  i n  the hemispherical end were l e s s  than those i n  the  cylinder 
by about 30 percent. The r e su l t s  of three calculat ions are shown i n  
tab le  111. Thus, a hemispherical end on a cy l indr ica l  pressure vesse l  
of the  same thickness as the cylinder would be subjected t o  30-percent 
l e s s  s t r a i n  than the cylinder. There ase addi t ional  s t r a i n s  a t  the 
j o i n t  between the cylinder and hemisphere due t o  discont inui t ies ,  but 
calculat ion of these i s  beyond the scope of t h i s  report .  

CONCLUSIONS 

For the  analysis conducted herein on an Inconel X reactor  pressure 
vessel  with in t e rna l ly  cooled w a l l s ,  the following conclusions can be 
drawn: 

1. For given values of pressure load and heat  flux, there  is a min- 
imum possible s t r a i n  t h a t  occurs a t  a pa r t i cu la r  w a l l  thickness. 

2. For a given value of pressure load, the  minimum equivalent t o t a l  
s t r a i n  for t he  range of heating fluxes invest igated w i l l  occur at  essen- 
t i a l l y  the  same w a l l  thickness. 
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* 
3. The average tangential stress for optimum wall thickness is 

essentially constant for a given material, varying only about k5 percent 
throughout the range of heat flux and pressure load  investigatedj but 
the strain varies considerably. 

e 

4. Variation of conductivity and coefficient of expansion does not 
change the trend of the results; but the strains may be affected, par- 
ticularly at high values of heat flux and thickness. 

5. A pressure excursion of &lo percent would be tolerable over the 
range of heat flux and pressure load  investigated. 

6. The equivalent total strain increases at a lcwer rate than the 
heat f l u x  over the range of heat flux investigated. 

7. In the case of a reactor core of length-diameter ratio equal to 
unity, a spherical containment vessel would be subjected to from 70 to 
80 percent of the strain of a cylindrical containment vessel. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, December 21, 1959 
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APPENDIX A 

DETERMINATION OF STRESS AM> S m I N  DISTRIBUTION IN CYLINDEZ 

Equations (1) and (5) were solved by the method used in reference 3 
with appropriate changes to apply to a cylinder instead of a disk. 

In the finite-difference method, a number of discrete point stations 
are chosen along the radius of the cylinder. It is assumed that at each 
of these points the plastic strains, the temperature, and the quantities 
E, a, and p are known, and also that the values of these quantities 
can be approximated midway between these point stations. An explanation 
of the determination of the preceding quantities is given in the body 
of the report. Using middle differences, let 

Substituting this (and similar relations for other quantities) into 
equations (1) and ( 5 ) ,  
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Considering the  l i nea r  nature of equations ( A l )  and (A2) and the 
poss ib i l i t y  of successive application of these equations i n  going from 
s t a t i o n  t o  s ta t ion ,  it follows t h a t  t he  stresses at any s t a t i o n  can 
ult imately be expressed i n  l i nea r  terms of t he  s t r e s ses  at  any other 
s ta t ion.  For convenience, the  stresses at  a l l  s t a t ions  are expressed 
i n  terms of the tangent ia l  stress at the  inner radius  thus, 

ur,n - Ar,nae,a + Br,n (A3 1 - 

Subst i tut ing these values of Q ~ , ~ ,  ue,nj I J ~ , ~ - ~ ,  and ae,n-l i n to  
equations ( A l )  and (AZ), 

Ih equations (A7) and (A8), the  stress 
t ra ry ,  since it depends only upon the boundary conditions and not on 
the  equations of e l a s t i c i ty .  
of ae,a* 

ae," i s  completely arbi- 

Thus, t he  equations a re  va l id  f o r  any value 
For t h i s  t o  be true, the  terms i n  the  parentheses must equal 

a 
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Solving these four equations simultaneously f o r  Ar,nJ Ae,n, Br,n, and 

DAGn + DnGA CnGA - CAGn 
Ln = CnDA + CAD, = CnDA + CADn 

A t  r = a ( s t a t i o n  1, inside surface), Q = -p (boundary con- r,a 
d i t i o n )  and = a,,,. Substi tuting i n  equations (A3) and (A4), 

-P = Ar,aae,a + %,a 

These equations a re  t r u e  regardless of t h e  value of %, a' Theref ore, 

The radial s t r e s s  at  the  outside surface = 0 (boundary condition). 
fore,  

There- 
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or 
. 

From the known coefficients at the first station (eq. ( A l l ) ) ,  the 
coefficients at all other stations can be determined progressively by 
successive applications of equation (A10). 
have been determined, the unknown 
(AX). 
equations (A3) and (A4). 

When all of the coefficients 
c a n  be determined from equation u ~ , ~  

Then the radial and tangential stresses can be determined using 
M 

I ol 
tP 
I" 
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APPENDIX B 

CALCULATION OF PLASTIC STRASNS 

This appendix i s  taken from reference 4, appendix I. 

The deformation theory of p l a s t i c i t y  i s  used with the  three  usual  
assmpt ions  t h a t  the d i rec t ions  of the p r inc ipa l  s t r a i n s  coincide with 
t h e  d i rec t ions  of the  p r inc ipa l  s t resses ,  that the  r a t i o s  of the pr in-  
c i p a l  shear s t r a i n s  a re  equal t o  the  r a t io s  of t h e  pr inc ipa l  shear 
s t resses ,  and t h a t  the  volume remains constant i n  the  p l a s t i c  range. 
These assumptions imply 

By subs t i tu t ing  the  s t r e s s - s t r a in  re lat ions,  

J 
i n t o  the f i r s t  of equations (Bl), it can a l s o  be shown t h a t  

(B3) 

where 

K1 = K2 -I- lfll 
E 

c 
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Define 

a 

J 
Then by squaring and adding the  equations i n  ( B l )  and (B3), it follows 
t h a t  

Hence, by the r e l a t ion  between K1 and K2 i n  equation (B4),  
c 

Y 

The p l a s t i c  s t r a i n s  can be determined i n  terms of the  t o t a l  s t r a i n s  
by dividing equation (B3) by equations ( B l )  and applying equations (B6)r  

Solving equation (B8) together with the  incompressibil i ty r e l a t i o n  i n  
equation ( B l )  r e s u l t s  i n  equations (8) i n  the  text .  

Figure 1 shows a typ ica l  s t r e s s - s t r a i n  curve f o r  InconelX and 
i l l u s t r a t e s  the meaning of some of t he  preceding terms. 
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APPENDIX c 

ANALYSIS OF S m  

rl + 
Lo 

w 

The assumptions i n  the body of the report  f o r  the analysis  of the 
cylinder and the introductory paragraph of appendix A apply t o  the  
analysis  of the sphere except where by nature of geometry they apply 
only t o  the cylinder. The equilibrium equation f o r  a hollow sphere i s  

Because of symmetry, the  s t r e s s - s t r a in  displacement equations reduce t o  

Eliminating u between (C2)  and ( C 3 )  and introducing the  incompressibil- 
i t y  condition ( E ~ , ~  = 0) give the  compatibil i ty equation: 

+ %,P + €Z,P 

(c4) 

Putting equations (Cl) and (C4) i n  f ini te-difference form, 

where 

1 1  cn = - + -  
hn rn  

1 Dn = - 
rn 

c; = 

DA = 

FA = 
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A s  i n  appendix A, t he  s t r e s ses  a t  a l l  s t a t ions  a re  expressed i n  
terms of t h e  tangent ia l  s t r e s s  at  the  inner radius: 

- 
U e,n - Ae,nae,a + 

Subst i tut ing in to  equations (C5) and ( C 6 )  gives 

M 
I m 
IP 
P 

L 

Solving these four equations simultaneously f o r  A r , n ~  *e,n, Br,n, and 
Be,, gives: 
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ri + 
m 
I w 

where 

GnDA + GAD, CnGA - CAGn 
Ln = CnDA + CADn = CnDA + CAD, 

Cn% 

CnDA + CADn 
MA = 

DnHA 
C n n  D '  + CADn 

M, = - 

(vhich i s  iden t i ca l  with ey. 
p l a s t i c  s t r a i n s  and the i t e r a t i o n  procedure are the  same as i n  the  case 
of the  cylinder. 

(A12)) .  The procedure for f inding the  

It should be noted tha t  the  equation for the  equivalent 

t o t a l  s t r a i n  reduces t o  E e t  = 3 2 - €01, and equation ( C 2 )  can be put 
by using the condition of incompressibil i ty,  0, P i n  terms of E 

s o  t h a t  only E e,p need be computed. The equation f o r  E now becomes 0, P 
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APPENDM D 

CALCULATION OF TESIPERATURE DISTRIBUTION FOR SPRERE 

The quantity of heat flow at the surface r is 

Q = 4 Rp $ (rz - r3) 
3 

From this is obtained, with manipulation similar to that in the 
case of the cylinder, 

where 

and 

1. Wise, Walter R., Jr. : An Investigation of Strain-Energy Absorption 
Potential as the Criterion for Determining Optimum Reactor-Vessel 
Containment Design. I'?AVORD Rep. 5748, Naval Ord. Lab., June 30, 1958. 

2. Manson, S. S . :  Determination of Elastic Stresses in Gas-Turbine Disks. 
NACA Rep. 871, 1947. (Supersedes NACA TN 1279. ) 

3. Millenson, M. B., and Manson, S. S .  : Determination of Stresses in 
NACA Rep. Gas-Turbine Disks Subjected to Plastic Flow and Creep. 

906, 1948. (Supersedes NACA TN 1636. ) 

4. Mendelson, A., and Manson, S. S.: Practical Solution of Plastic 
Deformation Problems in the Elastic-Plastic Range. NACA TN 4088, 
1957. 

M 
cn 
tP 
P 

I 
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Cylinder 
pressure 
load, pr,  
lb/ in .  

18,000 

30,000 

36,000 

8 

Sphere 
pressure 
load, 
4 pr,  
Ib/in. 

25,400 

42,500 

51,000 

dc 

Heat 
flux, 
Q b ,  
w/cc I 

8 

Cylinder Sphere €et 
equivalent equivalent j ?  

‘et , c 
$ 

t o t a l  t o t a l  
s t r a in ,  s t ra in ,  

TABLE I. - COMPARISON OF STRAINS I N  CYLINDRICAL 

AND SPHERICAL PRESSURF: VESSELS 

1.60 

250 1.72 1.24 72 
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Cylinder 

Equivalent Tangential 
t o t a l  stress, 

‘et,c, p s i  
ue, C J  s t r a in ,  

z 

TABLE 11. - INFLUENCE OF CONWCTIVITY AND COEFFICIENT OF W A N -  

SION ON EQUIVALENT TOTAL STRAIN AND TANGENTIAL STRESS 

(a) Conductivity 

Sphere 

Equivalent Tangentii 
t o t a l  s t r e s s ,  

‘et,s, p s i  

s t r a in ,  %, s , 

% 

Heat 
f l u x ,  
a b ,  
w/c c 

Conduc- 
t i v i t y ,  

k 

50 

950 

Inconel 

Inconel 

Lower 0.29 
Inconel .29 
Upper .28 

Lower 1.86 
Inconel 1 . 6 1  
Upper 1.45 

108,000 
108,000 
107,000 

123,000 
122,000 
121,000 

0.27 93,000 
.27 93,000 
.26 93,000 

0.80 102,000 
.73 101,000 
.65 100,000 

( b )  Coeff ic ier t  of expansion 

0.74 114,000 
.71 114,000 
.64 112,000 

3.10 138,000 
2.67 134,000 
2.15 130,000 

0.50 97,000 
.49 97,000 
.46 96,000 

1.02 106,000 
.94 104,000 
.84 103,000 

Pressure l o a  

‘Ieat Coeffi- 
Flux, c ien t  of 
d/V, thermal 
q/cc expan- 

sion, 
a 

Inconel 

Lower 2.11 
Inconel 2.67 

2.70 

Cylinder Sphere 

Equivalent Tangential Equivalent Tangential 
t o t a l  stress, t o t a l  stress, 

‘et,cJ p s i  ‘et,s, p s i  
s t r a in ,  ue, s t r a in ,  %,s, 

% % 

112,000 
114,000 
114,000 

132,000 
154,000 
134,000 

, 

0.46 96,000 
.4a 97,000 
.50 97,000 

0.79 102,000 
.94 104,000 
1.03 106,000 
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m 
w 

load, pr, 
l b / in .  

ld 
0 
d 
P 

flux, 
Q/V, 
W/CC 

TABLE 111. - COMPARISON OF STRALNS IN CYLINDER 

18,000 

30,000 

42,000 

AND IN SPHERE WITH THICKNESS EQUAL 

TO CYLINDER OPTIMUM 

500 

2 50 

150 

Pressure I Heat 
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I 



29 

'et 
14 

.010 

.008 

.006 cep 

nn 4 . UU-T 

IO02 

1 

Equiva len t  t o t a l  s t r a i n ,  Eet ,  i n . / i n .  

F igure  2. - R e l a t i o n  between equiva len t  p l a s t i c  s t r a i n  and equ iva len t  
t o t a l  s t r a i n .  
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Figure 3. - Variation of material properties w i t t i  t e m p e r a t u r e  of 
Inconel X. 



( b )  S p h e r e .  

Figure 4 .  - Sffects of h e a t  flux and  p r e s s u r e  l o a d  on optimum t h i c k n e s s  
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Figure 5. - Effect of' pressure excursions on equivalent total 
strain. Radius, 16 inches; heat f l u x ,  950 watts per cubic 
centimeter. 
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L 

(a )  Temperattire d i s t r i b u t i o n s .  

( b )  S t r e s s  and s t r a i n  d i s t r i b u t i o n s ;  low-strain 
condi t ion .  

Figure 6 .  - Temperature and s t r e s s - s t r a  

( c )  S t r e s s  and s t r a i n  d i s t r i b u t i o n s ;  h i g h - s t r a i n  
condi t ion .  

.n d i s t r i b u t i o n s  i n  c y l i n d r i c a l  p ressure  v e s s e l .  
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( b )  Sphere. 

Figure 7. - Effect of heat f l u x  and pressure load on equivalent t o t a l  s t r a i n .  

. 
c 

NASA - Langley Field, Va. E-541 


